Abstract: Human head can be modeled as a perfect sphere with rotations actuated by external torques. Orientation of the head can be designated by an axis and an angle describing counterclockwise rotation required to arrive at that orientation starting from an initial primary orientation. This axis of orientation is governed by a law proposed in the 19 th century by Donders and subsequently by Listing, that essentially restricts the axis to lie in a surface. We define a suitable Riemannian metric on the space of orientations and head movement trajectories are obtained by solving the associated Euler Lagrange's equation. Various choices of the Donders' surface would dictate different trajectories that connect two orientations of the head. This paper explores a choice of Donders' surface derived from Fick Gimbals, wherein the line between the two eyes remains horizontal, as the head moves. Originally, Fick had studied such head movements using a gimbal -hence the name. Various modifications of the Fick gimbal system have also been considered.
INTRODUCTION
Modeling and control of the head and the eye have been the research goals among neurologists, physiologists and engineers since 1845. Notable studies were conducted by Listing (Listing (1845) ), Donders (Donders (1848) ) and Helmholtz (von Helmholtz (1910) ) and they had shown that the axes of rotations, away from an initial primary direction of the eye and the head, are restricted to lie on a surface. With the exception of occasional deviation, the eye follows what is known as the Listing's Law and likewise for spontaneous movements, the head follows a generalization of the Listing's Law that goes by the name Donders' Law. Donders' Law states that starting from a frontal head position, any other head orientation is obtained by a rotation matrix whose axis of rotation is constrained to lie on a surface, called the Donders' surface (Tweed (1997) ). Consequently, the set of all orientations the head can assume spontaneously is a submanifold of SO(3) called DOND. However, unlike the case of eye movements (wherein the Donders' surface is a plane), the Donders' surface for head movements is not uniquely defined. This may be due to the fact that the head can be voluntarily moved unlike the eye. Consequently, different choices of the Donders' surface can be used to describe head movements. One such choice is to use the surface that arise from gimbals (Glenn and Vilis (1992) ), wherein one considers two orthogonal rotation axes, with one axis nested within the other.
⋆ This paper is based upon work supported in part by the National Science Foundation under Grant No. 1029178. Any opinions, findings, and conclusions or recommendations expressed in this paper are those of the author(s) and do not necessarily reflect the views of the National Science Foundation.
In the Fick gimbal system, the horizontal axis is nested within the vertical axis. As a result, head movements constrained by the Fick gimbal system would keep the line joining the two eyes horizontal at all times. Likewise, one can consider the Helmholtz gimbal system, where the vertical axis is nested within the horizontal axis. Every other intermediate choices, by rotating the gimbal system between Fick and Helmholtz, have been considered in this paper. We have parameterized the gimbal system as a quadratic surface in the space of quaternions.
Finally, following a paper due to (Glenn and Vilis (1992) ), we parameterize a one parameter family of quadratic surfaces in the space of quaternions. At the two extreme values of the parameter, one recovers the Fick's and the Helmholtz's gimbal systems. When the parameter value is zero, the quadratic surface reduces to the Listing's plane (Polpitiya et al. (2007) ).
PARAMETRIZATION OF THE SPACE OF ROTATIONS WHEN HEAD MOVEMENT FOLLOWS THE FICK GIMBALS
As described in (Polpitiya et al. (2007) ), we denote by S 3 the space of unit quaternions and define a coordinate map on S 3 as follows:
where We consider the isometric submersion rot, already described in (Polpitiya et al. (2007) ), between S 3 and SO(3),
The image of the composite map rot • ρ (θ, α, φ) is a rotation matrix around the axis cos θ cos α sin θ cos α sin α We are interested in describing head movements that are derived from Fick gimbals. A typical gimbal system has two axes of rotations. Specifically, for a Fick gimbal we denote the rotation angle about the fixed vertical axis by φ 1 and the rotation angle about the nested horizontal axis by φ 2 . If the head is rotated according to the rotation angles prescribed by the Fick gimbal, we can represent the final orientation of the head as a combination of two rotations; one about the fixed vertical axis and the other about the nested horizontal axis.
We can represent the horizontal rotation and the vertical rotation respectively by the two quaternions,
The resultant quaternion ρ r is obtained as a quaternion product ρ r = ρ 2 * * ρ 1 described as follows:
Note that the set of resultant quaternions (5) describe the submanifold DOND in S 3 when the head movement follows the Fick gimbal. Through the submersion rot (3), the resultant quaternions define the set of allowed rotation matrices prescribed by the Fick gimbal.
GEODESICS ON DOND ARISING FROM THE FICK GIMBALS
In order to write down the dynamics of the head movement, one needs to know the kinetic and the potential energies of the moving head. The kinetic energy is obtained from the induced Riemannian metric on DOND, induced from the natural Riemannian metric on SO(3). Using steps outlined in (Polpitiya et al. (2007) ), we compute the Riemannian metric on DOND as
Assuming that the head is a perfect sphere and the associated moment of inertia matrix is the identity matrix, one obtains the geodesic equation on DOND using the associated Euler-Lagrange equation given bÿ
The geodesics described by (7) have constant angular velocities about the two axis. These geodesics are plotted in Fig.1 for different values ofφ 1 :φ 2 . 
POTENTIAL CONTROL OF THE HEAD DYNAMICS
So far, in order to obtain the geodesic paths, we have considered only the kinetic energy (KE). The form of the KE is obtained from the Riemannian metric (6) with the additional assumption that the moment of inertia matrix for the head is the identity matrix. It is given as follows:
In general, the head movement is also affected by an additional potential energy and an external input torque
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that is provided by the neck muscles. We propose to consider a potential function of the form
which attains a minimum value at (φ 1f ,φ 2f ). The expression for the associated Lagrangian is given by,
and the equation of motion is described by the Euler Lagrange's equation
where β is the angle variable. When the external torque input τ β is chosen to be zero, head slides spontaneously towards the least value of the potential function. The final orientation of the head can be selected by making a suitable choice of φ 1f and φ 2f . In order for the head to quickly settle down to its final value, we consider
which provides the required damping. The Euler-Lagrange equations are easily written as follows:.
Equations (12) and (13) can be used to control the head direction by setting (φ 1f ,φ 2f ) to match the final direction of the head. The parameters A φ1 , A φ2 , k φ1 , and k φ2 can be used to tweak the intermediate orientations of the head, as shown in Examples 1 and 2.
RECOVERING THE DONDERS' SURFACE FOR THE FICK GIMBAL SYSTEM
Let us denote an unit quaternion as
It is easy to check from (5), that for the Fick gimbals the quaternion components satisfy the following (see Glenn and Vilis (1992) ):
where s is a parameter that takes the value −1. We shall see later that for a different gimbal, called Helmholtz gimbal, the parameter s takes the value +1. We shall assume that, in general, s lies in the interval [−1, +1].
Using the coordinate map (1), (2), we can rewrite (14) as
The equation (15) can be solved for sin α as follows:
Using only the first term of the Taylor series expansion for an approximation of sin −1 x, for |x| ≤ 1, sin (17) and (16) in the specified domain. Fig. 2 shows the surfaces corresponding to (17) in (θ, φ, α) for s = −1 which corresponds to a Fick gimbal system and s = 1 which corresponds to a Helmholtz gimbal system. For a given s, the approximate Donders' surface (17) should be compared to the assumption α = ǫ sin 2θ made in (Ghosh and Wijayasinghe (2010) ), where ǫ is assumed to be a constant.
Using the approximate Donders' surface (17), we can now describe DOND as a submanifold of S 3 as follows:
From the two equivalent parameterizations (5) and (18), it may be remarked that in (18) the axis of rotation and the angle of rotation about the axis are easily recovered as functions of θ and φ.
EXAMPLES
In examples 1 and 2, we demonstrate some characteristics of the potential controller introduced in Sec. 4.
Example 1:
In this example we show how the parameters, A φ1 and A φ2 , of the potential function (9), can be chosen (16) and (17) in the (q v , q h , q t ) space for
to restrict the geodesics (12), (13) to a smaller region. In this example, the damping terms, τ φ1 and τ φ2 , are chosen to be zero. Fig. 4 shows that with a greater action of the potential, we can restrict the geodesics to a smaller region in the space of head directions.
Example 2: In this example we show the effect of the damping parameters k φ1 and k φ2 on the dynamics of the head movement. In particular we look at how increasing values of the damping terms stabilize the systems (12), (13) (17) with s = −1. The third is the geodesic derived for the Fick gimbal in (7). For all the three geodesics, we have chosen the same initial conditions. From Fig. 6 , we can observe that for a rotation of approximately 60
• from the straight direction, all three geodesics remain in close proximity to each other. 
has been added to the movement dynamics along with a damping term given by
Details on the derivation of the associated dynamical equations are provided in (Ghosh and Wijayasinghe (2010) 
The parameter s has been varied from s = −1 to s = 1 and the trajectories are plotted in Fig. 8 . The length of the trajectories are plotted in Fig. 9 as a function of s and one observes that the trajectory has a minimum length for s = 0, which is precisely when the Listing's constraint is satisfied. For each of the trajectories, the time of transfer remains constant for all s. This is due to the fact that the geodesic equation in (θ, φ) for (22) is independent of s. 
PARAMETERIZING A ONE PARAMETER FAMILY OF GIMBALS
In this section, we parameterize a one parameter family of gimbals. This family is obtained by rotating the Fick gimbal system by an angle γ about the straight head direction. We parameterize this system with (φ 1 , φ 2 , γ) where φ 1 is the angle of rotation about the fixed axis and φ 2 is the angle of rotation about the nested axis.
We can obtain the quaternion ρ R that describes this family of gimbal systems as ρ R = ρ γ * * ρ r * * ρ −1 γ where ρ γ = cos γ 2 , 0, 0, sin γ 2 and ρ r is defined by (5). This gives ρ R as
It may be noted that (23) reduces to the Fick gimbal when γ = 0 and the Helmholtz gimbal when γ = π/2. Considering the fact that the rotated gimbal systems differ from the Fick gimbal system only in the spatial orientation, we can expect the characteristics of a rotated gimbal system to be the same as that of the Fick gimbal system upto a rotation. In fact, we can obtain an approximation similar to (17) for α, for the rotated family of gimbal systems, given by
The computations for geodesic and potential control using (φ 1 , φ 2 ) space in sections 3 and 4 remain the same for the rotated gimbal systems. However, the actual geodesic paths differ from that of the Fick gimbals by a rotation of γ about the straight direction. In Fig. 10 we plot the trajectories to move between a fixed initial point and a fixed end point for different values of γ. In Fig. 11 we plot the corresponding lengths of the trajectories as a function of γ. The minimum length of the trajectories was obtained for γ = 0.9949 for which φ 1 remains constant. i.e. for the γ for which we can go from the initial position to the final position by only a rotation about the nested axis.
CONCLUSION
In this paper we have studied the Fick gimbal system as a strategy for head movements. The associated unit quaternions that correspond to the rotation matrices for the Fick gimbals have been parameterized. By computing the associated Riemannian metric and assuming that the head is a perfect sphere with an unit moment of inertia matrix, we write down a Kinetic Energy function.
We adjoin a suitable Potential Energy function that has minimum precisely where we want the head to finally settle. The head movement dynamics is computed by solving the associated Euler Lagrange's Equation. By varying the minimum point of the potential function, we are able to control the final orientation of the head.
We also parameterize the allowed set of unit quaternions that arise from the Fick gimbal strategy using a canonical set of angles (θ, φ, α) where θ and α parameterizes the axes of rotations and the φ measures the counterclockwise angle of rotation about the axis. The Fick gimbal dictates a Donders' surface in the three dimensional angle space, which is what we derive in this paper. The computation in the previous paragraph is now repeated on the new set of angle coordinates.
We have also introduced and studied modification of the Fick gimbal by a suitable rotation. One such rotation would lead to what is known as the Helmholtz gimbal. In this paper, we have introduced two smooth one parameter families of 'gimbals' or 'gimbal like systems' that are Fick and Helmholtz gimbals at the two extreme points. Properties of the associated head movement trajectories have been studied.
